In modern cities, a rapid increase of motorcycles and other types of Powered Two-Wheelers (PTWs) is observed as an answer to long commuting in traffic jams and complex urban navigation. Such increasing penetration rate of PTWs creates mixed traffic flow conditions with unique characteristics that are not well understood at present. Our objective is to develop an analytical traffic flow model that reflects the mutual impacts of PTWs and Cars. Unlike cars, PTWs filter between cars, have unique dynamics, and do not respect lane discipline, therefore requiring a different modeling approach than traditional "Passenger Car Equivalent" or "Follow the Leader". Instead, this work follows an approach that models the flow of PTWs similarly to a fluid in a porous medium, where PTWs "percolate" between cars depending on the gap between them. Our contributions are as follows: (I) a characterization of the distribution of the spacing between vehicles by the densities of PTWs and cars; (II) a definition of the equilibrium speed of each class as a function of the densities of PTWs and cars; (III) a mathematical analysis of the model's properties (IV) an impact analysis of the gradual penetration of PTWs on cars and on heterogeneous traffic flow characteristics.
Introduction 1
While a car is seen as a social achievement in most of the eastern coun-in vehicle size (Chen et al., 2013; Mathew et al., 2013 ). Richards, 1956 ). In the LWR model, traffic flow is assumed to be analogous 
where ρ(x, t), q(x, t) are, respectively, the density and the flow of cars at 
The speed v(x, t) depends on the density and a unique speed value corre-137 sponds to a specific traffic density, i.e.
138
v(x, t) = V (ρ(x, t)).
In the original LWR model, all vehicles in a traffic stream are consid- 
where ρ i and q i denote density and flow of class i, respectively. Class specific 146 flow, speed and density are related by the equations 147 q i (x, t) = ρ i (x, t)v i (x, t), i = 1, 2.
The equilibrium speed v i for the individual vehicle class i is a function of the 148 densities of both classes and satisfies the following conditions:
where ∂ 1 V i (ρ 1 , ρ 2 ) and ∂ 2 V i (ρ 1 , ρ 2 ) denote
and
, respectively.
150
The interaction among vehicle classes is captured through the equilibrium 151 speed. Moreover, the equilibrium speed is uniquely defined for all points of f (l(ρ 1 , ρ 2 ))) dl ,
where f (l(ρ 1 , ρ 2 )), v f and r c are, respectively, the probability density function where λ is given as:
This definition of the distribution parameter λ produces an incorrect result,
i.e. the speed increases with increasing of vehicle class densities. Further-170 more, it does not describe the equilibrium speed uniquely for a given class densities ( the requirement defined in equation (6) is constructed over the center of vehicles (Figure 2(a) ) and the triangles edge 199 length data from multiple simulation runs is used to estimate the probability 200 density function (Figure 2(b) ).
201
(a) Delaunay triangulation over vehicles, one example scenario.
(b) Probability density function for different traffic compositions. In (Miles, 1970) In accordance with the mean length of the delaunay traingle edge over 212 points, we define for circles as ( Figure 3) :
where p 1 is probability for an edge to touch PTWs and p 2 for cars. This 214 probability is expressed in the form p i = ρ i ρ 1 +ρ 2 , therefore we get
Standard deviation and variance are the same for the case of points (σ 2 p ) and
.
The above equations provide the parameters for the distribution function of 218 inter vehicle-spacing, we then identify the best fitting theoretical distribution.
219
To determine a theoretical probability density function (PDF) that best fits 220 the observed PDF, we use Matlab's curve fitting tool, and the goodness of 221 the fit is measured by R-square, sum of squared errors (SSE) and root mean 222 square error (RMSE) values. We consider left-truncated normal, log-normal 223 and exponential as candidate distributions to characterize vehicle-spacing.
224
The distributions are chosen based on qualitatively observed similarity on 225 the shape of PDF curve. We also include the exponential distribution, which 226 is recommended in (Nair et al., 2012) . The comparison between the three 227 selected theoretical distribution functions is shown in Figure 4 . Based on the 228 goodness of the fit results, see Therefore, we assume that the spacing distribution follows the left-truncated 243 normal distribution, having the form
Speed-density relationship

245
Using the PDF function in equation (8), the speed-density relationship 246 in equation (7) is re-written as
where v Further modification is applied to the speed function in order to comply 286 with triangular fundamental diagram theory, that is presence of two regimes, 287 specifically, congestion and free flow regime (Newell, 1993) . In free flow there 288 is no significant drop of average speed with the increase of density. However,
289
beyond some critical density value, the average speed of vehicles decreases 290 with density increase. Therefore, we adjust the speed functions to:
where N i is a speed normalization factor and C v is a scaling factor so that 
318
None of the models known to us satisfies all the aforementioned properties,
319
although there are models that satisfy a few of them. Property (3), (4) and 
Model Analysis
327
To describe the solution of the system equations (3)-(5) in terms of wave 328 motion, the jacobian matrix Dq of q = (q 1 , q 2 ) should be diagonalizable with 329 real eigenvalues, in another word the system has to be hyperbolic. We can Re-writing the system in the form:
the Jacobian matrix of q(ρ) is given by:
is a symmetrizer of Dq, thus the system satisfies the hyperbolicity condition.
339
The eigenvalues of the Jacobian representing information propagation
340
(characteristic) speed are given by:
where
Following (Benzoni-Gavage and Colombo, 2003, Proposition 3.1) it is possible 343 to show that
where, we have taken λ 1 ≤ λ 2 . The proof in (Benzoni-Gavage and Colombo, that for v 1 < v 2 < v 3 .... < v m , the eigenvalues are bounded such that imum speed of cars is set to be greater than the maximum speed of PTWs.
360
Let λ 1 = min {λ 1 , λ 2 } and λ 2 = max {λ 1 , λ 2 }, if the relation
Figure 8: Evaluation of the maximum characteristics speed over a point in S = {ρ 1 , ρ 2 },
Figure 9: Evaluation of minimum characteristics speed over a point in S = {ρ 1 , ρ 2 }, Here
The results from the graphical analysis strongly suggest that the relation 367 in equation (14) is valid for our model, which confirms that in the model no 368 wave travels at a higher speed than the traffic and thus the wave propagation 369 speed is finite. d dt
Integrating eq. (15) in time from t n to t n+1 = t n + ∆t, we have
After some rearrangement of Eq. (16), we obtain an equation that relates cell average density ρ n j update with average flux values at the cell interfaces.
where F n i+1/2 is an average flux value at the cell interface x = x i+1/2 :
where F is the numerical flux function. (18) Accordingly, equation (17) rewrites
In the absence of a general Riemann solver, numerical methods for multi-class 
where α is the numerical viscosity satisfying the condition α ≥ V max = The result in Figure 11 represents the interrupted scenario, where for mark to evaluate our model.
463
• Overtaking-when the traffic volume is high, cars start slowing down. respectively, is presented along with the verification of our model, porous G.
473
For creeping and overtaking experiments, the parameters in Table 2 i.e the tail end of one class is before the other.
517
As Figure 14 depicts, when free flow speed of PTWs is greater than cars,
518
PTWs overtake cars in all the three models. In Porous G model overtaking 
522
The simulation results in Figure 15 correspond to the case where free flow 523 speed of cars (V 2 = 1.8) is greater than free flow speed of PTWs (V 1 = 1.5).
524
As shown, in the two models, Porous G and Creeping, overtaking is observed. 
539
In conclusion, the model verification results validate that our model (Porous we study the effect of PTWs filtering behavior on queue discharging time. Here, the role of PTWs in reducing congestion is evaluated. For the compar-566 ison, the flow-density plot for different ratios of PTWs is presented in Figure   567 17. The following simulation parameters are used to produce the results.
568
The maximum speed of cars is V 2 = 100 km/hr, maximum speed of PTWs 569 is V 1 = 80 km/hr and we consider a single lane one-way road with a carriage 570 width of 3.5m.
571
PTWs stay in free flow state for longer ranges of density than cars, be- to 10% results in a 9.3% improvement of the road capacity and 2.74% of the 580 maximum flow rate. The results in Figure 17 and to PTWs indeed helps to improve road capacity. Besides, the variation on through the considered road section at a speed profile identical to that of the 589 present local speed and it is formulated as:
where n is the number of cells and ∆x is the mesh size. The experiment 
602
show that PTWs help in maintaining reliable and reduced travel times. Thus, with M denoting the number of space steps in the study domain, i.e.
616
the space before the traffic light, the average density is computed as:
For the study, two simulation scenarios have been considered. First, PTWs PTWs creeping behavior has no influence on clearance time of cars, but rather 644 improves the average delay experienced by road users at the intersections.
645
Having a facility which helps PTWs to leave first at the intersections would 646 allow better use of this opportunity offered by PTWs.
647
In general, the results indicate the positive impact of PTWs creeping be- 
